A bipartite graph G = (V , E) is said to be bipancyclic if it contains a cycle of every even length from 4 to |V |. Furthermore, a bipancyclic G is said to be edge-bipancyclic if every edge of G lies on a cycle of every even length. Let F v (respectively, F e ) be the set of faulty vertices (respectively, faulty edges) in an n-dimensional hypercube Q n . In this paper, we show that every edge of Q n − F v − F e lies on a cycle of every even length from 4 to 2 n − 2|F v | even if |F v | + |F e | n − 2, where n 3. Since Q n is bipartite of equal-size partite sets and is regular of vertex-degree n, both the number of faults tolerated and the length of a longest fault-free cycle obtained are worst-case optimal.
Introduction
It is well known that the hypercube is one of the most versatile and efficient architecture yet discovered for building massively parallel or distributed systems [9, 18] . It possesses quite a few excellent properties such as recursive structure, regularity, symmetry, small diameter, relatively short mean internode distance, low degree, and much small link complexity, which are very important for designing massively parallel or distributed systems [2, 9, 18] .
A network topology is usually represented by a simple undirected graph, which is loopless and without multiple edges. Each vertex represents a processor and each edge represents a communication link connecting a pair of processors in a network. A graph G = (V , E) is said to be pancyclic if it contains a cycle of every length from 3 to |V | in G, and bipancyclic if it contains a cycle of every even length from 4 to |V |. Furthermore, a bipancyclic G is said to be edge-bipancyclic if every edge of G lies on a cycle of every even length. The pancyclicity is an important measurement to determine if a topology of network is suitable for an application where mapping rings of any length into the topology of network is required [8, 11] . Bipancyclicity is essentially a restriction of the concept of pancyclicity to bipartite graphs whose cycles are necessarily of even length.
Since faults may happen when a network is put into use, it is practically meaningful and important to consider faulty networks. Let F v and F e be the sets of faulty vertices and faulty edges of an n-dimensional hypercube Q n . Li et al. [11] showed that Q n − F e 1 is bipancyclic even if |F e | n − 2. Sengupta [12] showed that Q n − F v − F e 2 contains a cycle of length 2 n − 2|F v | even if (|F v | > 0 or |F e | n − 2) and |F v | + |F e | n − 1. Fu [3] showed that Q n − F v contains a cycle of length 2 n − 2|F v | even if |F v | 2n − 4. Hsieh [6] extended the above result to show that Q n − F v − F e contains a cycle of length 2 n − 2|F v | even if |F e | n − 2 and |F v | + |F e | 2n − 4. Recently, Xu et al. [19] showed that for |F e | n − 1, every edge of Q n − F e lies on a cycle of every even length from 6 to 2 n inclusive, provided n 4 and all edges in F e are not incident with the same vertex. In this paper, we show that every edge of Q n − F v − F e lies on a cycle of every even length from 4 to 2 n − 2|F v | inclusive even if |F v | + |F e | n − 2, where n 3. Since Q n is bipartite of equal-size partite sets and is regular of vertex-degree n, both the number of faults tolerated and the length of a longest fault-free cycle obtained are worst-case optimal.
The rest of this paper is organized as follows. In Section 2, necessary definitions and notations are introduced. In Section 3, we show our main result. Finally, this paper concludes with some remarks in Section 4.
Preliminaries
is an unordered pair of V }. We say that V is the vertex set and E is the edge set. We also use V (G) and E(G) to denote the vertex set and edge set of G, respectively. Two vertices u and v are adjacent [7] if there is a simple path of length |V 0 | + |V 1 | − 2 between any two nodes of the same partite set. A Hamiltonian-laceable graph G = (V 0 ∪ V 1 , E) is hyper-Hamiltonian laceable [10] if for any vertex v ∈ V i , i = 0, 1, there is a Hamiltonian path of G − v between any two vertices of V 1−i . For graph-theoretic terminologies and notations not mentioned here, see [17] . Definition 1. An n-dimensional hypercube (n-cube for short) is an undirected graph having 2 n vertices in which each vertex is labelled with a distinct binary string x n x n−1 . . . 
, 1} is isomorphic to Q n−1 . We call those edges between Q 0 n−1 and
Definition 2. An i-partition on Q n = * n , where 1 i n, is to partition Q n over dimension i into two (n − 1)-cubes * n−i 0 * i−1 and * n−i 1 * i−1 .
In this paper, we consider faulty Q n , i.e., Q n contains faulty vertices and/or faulty edges. A vertex (edge) is fault-free if it is not faulty. A path (cycle) is fault-free if it contains neither faulty vertex nor faulty edge. Throughout this paper, let F v be the set of faulty vertices in Q n ,
. Similarly, let F e be the set of faulty edges in Q n , F 0 e = F e ∩ E(Q 0 n−1 ) and
The following results are useful to our method. Two paths are said to be vertex-disjoint if they have no common vertex.
Lemma 1 (Fu and Chen [5]). Let X and Y be two distinct vertices in
Lemma 2 (Tsai et al. [16] Lemma 3 (Sun et al. [13] ). Q n − {x, y} remains Hamiltonian-laceable, where x and y are any two vertices from different partite sets and n 4.
Lemma 4 (Tsai [14] ). Let V 0 and V 1 be the partite sets of a fault-free Q n , where n 2. Let a and b be two distinct nodes of V 0 , and a and b be two distinct nodes of
Bipancyclicity on the faulty hypercube
In this section, we show that there exists a fault-free path of every odd length from 3 to 2 n − 2|F v | − 1 between any two adjacent fault-free vertices of Q n − F v − F e even if |F v | + |F e | n − 2. The following lemma shows that the basis case holds. Proof. We consider the following two cases.
Case 1: |F v | = 1. Since an n-dimensional hypercube is vertex-symmetric, we may assume that the faulty vertex is 011. We construct the set of fault-free paths L 3 (respectively, L 5 ) composed of those paths of length 3 (respectively, 5) joining any two adjacent fault-free vertices. Although there are nine pairs of adjacent fault-free vertices, we only need to consider five pairs of them due to the symmetric structure. Let
Case 2: |F e | = 1. Since an n-dimensional hypercube is also edge-symmetric, we may assume that the faulty edge is (011, 111). In this case, we construct three sets of fault-free paths L 3 , L 5 , and L 7 which composed of those desired paths joining two adjacent fault-free vertices and having length 3, 5 and 7, respectively. Again, by the symmetric structure, we only need to consider six pairs of adjacent vertices as end-vertices for each L i , where i = 3, 5, 7. Let • L 5 = { 000 → 010 → 110 → 111 → 101 → 001 , 000 → 010 → 011 → 001 → 101 → 100 , 001 → 000 → 100 → 110 → 010 → 011 , 001 → 000 → 010 → 110 → 100 → 101 , 100 → 000
By combing the above two cases, we complete the proof.
The following lemma deals with the general case where |F e | > 0.
Lemma 6.
There exists a path of every odd length from 3 to 2 n − 2|F v | − 1 joining any two adjacent fault-free vertices in Q n − F v − F e even if |F e | > 0 and |F v | + |F e | n − 2, where n 3.
Proof. We show the lemma by induction on n. By Lemma 5, the base case where n=3 holds. Assume that the statement is true for k 3. Now consider n = k + 1. Let X and Y be two arbitrary fault-free adjacent vertices of Q k+1 . Clearly, Q k+1 can be partitioned into Q 0 k and Q 1 k by an i-partition such that X and Y are both belong to the same k-cube. Without loss of generality, assume that both X and Y belong to Q 0 k . We have the following two cases. 
V (i) , (U, U (i) ), (V , V (i) ), and (U (i) , V (i) ) are all fault-free (If no such an edge exists, then |F
, Y forms a fault-free X-Y path of every odd length from 2 k + 3 to 2 k+1 − 2|F v | − 1 (see Fig. 3(a) ). 
, Y forms a fault-free X-Y path of every odd length from 2 k + 3 to 2 k+1 − 2|F 1 v | − 1 (see Fig. 3(b) ). 
forms a fault-free X-Y path of every odd length from 2 k + 3 to 2 k+1 − 2|F 1 v | − 1 (see Fig. 3(c) ). By the above three cases, we complete the proof. 
Conclusion
In this paper, we have shown that Q n with |F v | + |F e | n − 2 can embed a fault-free cycle of every even length from 4 to 2 n − 2|F v |.
The cycle structure, for example the token ring, is often used as a connection structure for local area network and as a control and data flow structure for distributed computations in arbitrary networks because of its nice properties such as low connectivity, simplicity, extensibility, and its feasible implementation. With our result, an arbitrary even length fault-free ring can be emulated in Q n with up to maximal n − 2 faults. Previously, a number of parallel algorithms that can be executed on rings have been developed (see [1] ). Therefore, they all can be executed as well on Q n with faulty vertices and edges.
